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FlowsAbstract Transient convection heat transfer is of fundamental interest in many industrial and envi-
ronmental situations, as well as in electronic devices and security of energy systems. Transient ﬂuid
ﬂow problems are among the more difﬁcult to analyze and yet are very often encountered in modern
day technology. The main objective of this research project is to carry out a theoretical and numerical
analysis of transient convective heat transfer in vertical ﬂows, when the thermal ﬁeld is due to different
kinds of variation, in time and space of some boundary conditions, such as wall temperature or wall
heat ﬂux. This is achieved by the development of a mathematical model and its resolution by suitable
numerical methods, as well as performing various sensitivity analyses. These objectives are achieved
through a theoretical investigation of the effects of wall and ﬂuid axial conduction, physical properties
and heat capacity of the pipewall on the transient downwardmixed convection in a circular duct expe-
riencing a sudden change in the applied heat ﬂux on the outside surface of a central zone.
ª 2013 Production and hosting by Elsevier B.V. on behalf of King Saud University.1. Introduction
In nature, as well as within the human-made thermal systems,
the time variable regimes are more commonly encountered,
than the permanent regimes. Therefore transient ﬂow prob-
lems are among the more difﬁcult to analyze. Transient freeconvection heat transfer occurs for example, in nuclear
reactors, space systems, environmental situation such as air
conditioning systems, and human comfort in buildings. Hence
there is a need for a more complete understanding of the phe-
nomena. There is little experimental data available in the liter-
ature on the steady state and even less on the transient free
convection. Heat transfer by convection is one of the modes
that is often used in many industrial applications such as ther-
mal and nuclear power plants or the gear of the buildings, elec-
tronic cooling in electronic equipment, cooling and distillation
system in chemical processes and ventilation systems. Thus,
the knowledge of the response of the systems, subjected to
variable thermal and/or dynamical conditions allows to use
rationally the energy, through a better system of regulation,
Nomenclature
D Tube diameter (=2Ri), m
f Friction coefﬁcient, kg/ms2
g Acceleration due to gravity, m/s2
Gr Grashof number (=gbQD4/m2kf)
K Wall-to-ﬂuid thermal conductivity ratio (=kw/kf)
P Dimensionless pressure (=p+ q0gz)/q0V
2
Qwi Normalized interfacial heat ﬂux (=Qi/Q)
Qi Heat ﬂux at the wall-ﬂuid interface, w/m
2
Ri Internal radius of the pipe, m
Re External radius of the pipe, m
u* Dimensionless axial velocity (=u/V)
v* Dimensionless radial velocity (=v/V)
V average velocity at the inlet of the duct, m/s
Greek Symbols
s Dimensionless time (=tV/D)
g Dimensionless radial coordinate (=r/D)
n Dimensionless axial coordinate (=z/D)
D Pipe thickness-to-diameter ratio (=(ReRi)/D)
h Dimensionless temperature (=(TT0)/QD/kf)
Subscripts
f Fluid
w Wall
wi Wall-ﬂuid interface
0 Evaluated at the inlet temperature
Non-dimensional Numbers
Gr Grashof number (=gbQD4/m2kf)
Re Reynolds number, [qUD/l]
120 M. Boumaza, A. Omaraand to avoid a fall of performance, to see a deterioration of the
device, due to the appearance of thermal constraints.
The purpose of this work is to investigate the interaction
between a downward ﬂow and the pipe wall thickness sub-
jected to a constant and uniform heat ﬂux, during a transient
regime in a vertical tube. The interest of such a process is, to
acquire new data on the transient conjugated mixed convection
in a vertical tube, as well as, to study the transient dynamic and
thermal behavior of the ﬂow in mixed convection in order to
master the dimensioning of heat exchangers.
2. Transient heat transfer theory
There exist several types of convection: natural convection (or
free convection), forced convection and mixed convection. The
convection is said to be natural when it releases heat continu-
ously and spontaneously due to the temperature differences
that generate differences in density within the ﬂuid mass.
The forced convection is obtained while submitting the ﬂuid
to an increase in pressure by mechanical means such as pumps
or fans. Finally, when the thermal sources (natural convection)
and the mechanical sources (forced convection) coexist, this
represents the mixed convection. A few works deal with the
transient downward or upward mixed convection in a vertical
duct, with or without the effect of axial wall and ﬂuid conduc-
tions, while in the steady state these two kinds of mixed con-
vection have received rather particular attention from
researchers in the past decades. (Jackson and Cotton, 1989; Pe-
not and Dalbert, 1983; Hanratty and Rosen, 1958) were
among the ﬁrst researchers who published experimental studies
concerning the assisted or opposed mixed convection, in a ver-
tical tube. (Carlos and Guidice, 1996) presented a numerical
analysis of the effect of the entrance region on mixed convec-
tion in horizontal concentric cylinders. (Fusegi, 1996) investi-
gated the combined effect of the oscillatory through-ﬂow and
the buoyancy on the heat characteristics of a laminar ﬂow in
a periodically grooved channel, while (Cheng and Weng,
1993) studied numerically the mixed convection ﬂow and heat
transfer processes in the developing region of a vertical rectan-
gular duct with one heating wall. (Mortan and Bingham, 1989)
investigated numerically and experimentally the mixed convec-tion in a vertical circular duct subjected to constant tempera-
ture condition. (Wang et al., 1994) have presented a
numerical analysis of upward and downward mixed convec-
tion in vertical and horizontal circular ducts with reversed
ﬂow. They have analyzed the effect of natural convection
and ﬂuid axial conduction on the fully developed laminar ﬂow
in a vertical channel, subjected to constant wall temperature.
(Barletta and Rossi, 2004) have studied the non-axisymmetric
forced and free convection in a vertical circular duct. (Bouse-
dra and Soliman, 1999) considered the geometry of semicircu-
lar ducts and solved the problem of laminar fully developed
mixed convection under buoyancy-assisted and opposed con-
ditions. Their results are presented with a detailed assessment
of the effects of inclination, Reynolds number, Grashof num-
ber and the thermal boundary conditions. Numerous research-
ers have also investigated the effects of the axial wall
conduction on the steady combined forced and free convection
in vertical parallel plates or pipes. (Hegg and Ingham, 1990;
laplante and Bernier, 1997) have investigated the effect of op-
posed mixed convection and wall axial conduction on down-
ward ﬂow. (Nasredine and Galanis, 1998) have studied the
effect of the axial wall conduction on the upward mixed con-
vection. (Ouzzane and Galanis, 1999) have analyzed numeri-
cally the effects of the axial wall conduction and the non-
uniform heat ﬂux condition on the upward mixed convection
in an inclined circular duct. They found that the calculated re-
sults for local parameters and for average variables are quite
different, especially for high values of the Grashof number.
In the transient regime, (Mai and El Wakhil, 1999) have stud-
ied the problem of upward vertical pipe ﬂow with step change
in the inlet temperature and velocity. Their results show a dis-
symmetry of the velocity proﬁle and temperature between the
positive and negative steps change. (Nguyan and Maiga, 2004)
have studied the problem of 3D transient laminar mixed con-
vection ﬂow in vertical tube with negligible thickness under
buoyancy effect and time dependant wall heat ﬂux condition.
Their results have shown that the ﬂow seems to remain stable
and unique for high Rashof numbers. (Azzizi et al., 2012) have
developed a numerical model for transient heat transfer for gas
ﬂow in vertical pipes, while (Shih et al., 2010) present a
comprehensive review of recent models covering transient heat
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Conti et al., 2012; Padet, 2005; Omara and Abboudi, 2006;
Su et al., 2011) found that both heat conduction in the wall
and wall heat capacity have an important role in the case of
transient conjugated heat transfer.
3. Modeling approach
3.1. Mathematical formulation
Fig. 1 shows an element of the pipe which is analyzed in this
study. It consists of a vertical cylindrical duct uniformly heated
at two discrete section lengths separated by an adiabatic sec-
tion. The ﬂuid enters at the top of the pipe (at the ﬁrst adia-
batic section L1) showing a parabolic velocity proﬁle and
uniform temperature. The average heat rate per unit length
is assumed to be constant at any cross section along the ﬂow
axis of the duct. Flow is assumed to be unsteady and laminar.
It is also assumed that the properties of the ﬂuid are constant,
with negligible viscous dissipation, while the density varies
according to Boussinesqu approximation.
The governing equations and boundary conditions for the
transient conjugated heat conduction and laminar mixed con-
vection are as follows;
- Mass conservation equation
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Figure 1 Conﬁguration of the element investigated.qg
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Conservation of the energy within the pipe wall
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ð4Þ3.2. Boundary conditions
- Initial conditions
R ¼ 0 uðrÞ ¼ 2Vð1 ðr=RiÞ2v ¼ 0 T ¼ 0
- Boundary conditions s> 0
- Inlet of the duct n= Lu
0 < r < Ri uðrÞ ¼ 2Vð1 ðr=RiÞ2Þv ¼ 0 T ¼ T0
Ri < Ri þ Re u ¼ 0 v ¼ 0 dT=dz ¼ 0
- Upstream and downstream sections
Lu < z < 0 and Lh < z < Lh þ Ld
Then at r ¼ 0 du=dr ¼ 0 v ¼ 0 dTf=dr ¼ 0
r ¼ Ri u ¼ 0 v ¼ 0
- Heated section 0 < z< Lh
r ¼ 0 du=dr ¼ 0 v ¼ 0 dTf=dr ¼ 0
r ¼ Ri u ¼ 0 v ¼ 0
r ¼ Riþ Re kwdTw=dr ¼ Q
- Outlet of the duct z ¼ Lh þ L
0 < r < Ri du=dz ¼ 0 dv=dr ¼ 0 dTf=dz ¼ 0
Ri < r < Ri þ Re u ¼ 0 v ¼ 0 dTw=dz ¼ 0
The above governing equations as well as the boundary condi-
tions are then presented into dimensionless forms using the fol-
lowing dimensionless variables
Table 1 Deﬁnition of the variables /, C/, e and S/.
Governing equation / C/ e S/
Mass 1 0 1 0
Momentum equation
in the axial direction
u* 1/Re 1 (Gr/Re2)hoP/on
Momentum equation
in the radial direction
v* 1/Re 1 oP/ogv*/(g2Re)
Energy equation in the ﬂuid h 1/Pe 1 0
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g ¼ r=D; n ¼ z=Dð1Þ
h ¼ T T0
QD=kf
;
P ¼ pþ q0gz
q0V
2
; ðD ¼ 2RiÞ
The governing equations for continuity, momentum and en-
ergy in dimensionless form are given in conservative form as
follows:
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where the expression of the used variables in the conservative
equation is listed in Table 1.
The corresponding initial and boundary conditions are:
s ¼ 0 uðgÞ ¼ 2½1 ð22gÞ2;
v ¼ 0; hf ¼ 0; hw ¼ 0
s  0 :
aÞn ¼ Lu uðgÞ ¼ 2½1 ð22gÞ2; v ¼ 0;Table 2 Comparison of the radial distributions of the axial velocity
1994).
Gr= 0 Gr= 105 Gr= 3 ·
r/D Ref. Mai and
El Wakhil
(1999)
Present
study
Ref. Mai and
El Wakhil (1999)
Present
study
Ref. Mai
and El
Wakhil (1
0.00 1.95 1.93 2.22 2.24 2.92
0.05 1.93 1.91 2.20 2.21 2.87
0.10 1.90 1.88 2.13 2.13 2.70
0.15 1.82 1.80 2.00 2.01 2.49
0.20 1.66 1.65 1.79 1.81 2.14
0.25 1.51 1.50 1.68 1.68 1.71
0.30 1.32 1.31 1.13 1.14 1.27
0.35 1.06 1.04 0.97 0.98 0.79
0.40 0.73 0.72 0.62 0.62 0.38
0.45 0.41 0.39 0.34 0.35 0.04
0.50 0.0 0.0 0.0 0.0 0.0hf ¼ 0; hw ¼ 0
bÞg ¼ 0 @u=@g ¼ 0; v ¼ 0; @hf=@g ¼ 0
cÞg ¼ 1=2þ D :
L1 6 n 6 L1 þ L2;
L1 þ L2 þ L3 6 n 6 L1 þ L2 þ L3 þ L4
K@hw=@g ¼ 1
Elsewhere Kohw/og= 0
Initially (s= 0, Q= 0), the whole system, including the
ﬂowing ﬂuid and the pipe wall are at the same uniform temper-
ature T0.
At s> 0, heat ﬂux which is applied at the outer surface of
the heated sections (L2
* and L4
*) is suddenly raised to a new
value Q> 0 and maintained at this level thereafter. Then, heat
transfer between the ﬂuid and the pipe wall starts to occur (See
Table 2).
4. Resolutions procedures
In addition to the ﬁnite volumes method, the ﬁnite differences
and the ﬁnite elements are also applied to discretize the differ-
ential equations into algebraic ones. These algebraic equations
describe the same modeling physical phenomena used in the
original differential equations, at certain discrete number of
points named nodes.
The ﬁnite volumes method, developed initially by Patankar
and Spalding (Omara and Abboudi, 2006), proves to be very
useful, as it has several advantages such as:
- The differential equations have a conservative property.
This means that the extension of the conservation principle
under a discretized form for a typical ﬁnite volume is veri-
ﬁed for the whole numerical domain
- It enables to simulate real life cases, due to its numerical
strength.
The ﬁnite volumes method consists in dividing the domain
of computation in a ﬁnite number of volumes where each vol-
ume surrounds a node. The terms of the modeling differentialu* obtained in the present study and in the reference (Wang et al.,
105 Gr= 4 · 5105 Gr= 5 · 105
999)
Present
study
Ref. Mai
and El
Wakhil (1999)
Present
study
Ref. Mai
and El
Wakhil (1999)
Present
study
2.93 3.58 3.58 3.83 3.84
2.88 3.51 3.51 3.78 3.77
2.72 3.30 3.30 3.51 3.52
2.50 2.92 2.92 3.14 3.14
2.15 2.46 2.46 2.59 2.60
1.72 1.86 1.87 1.93 1.93
1.27 1.20 1.21 1.19 1.19
0.80 0.59 0.60 0.54 0.54
0.38 0.13 0.13 0.02 0.02
0.04 0.09 0.09 0.18 0.18
0.0 0.0 0.0 0.0 0.0
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suitable approximation scheme. The algebraic equations pro-
duced with this manner express the principle of conservation
for a ﬁnite control volume in the same way that the differential
equations express it for an inﬁnitesimal control volume.
4.1. Solutions ranges
Fig. 2 shows the corresponding grid distribution for Fig. 1a.
The solution domain is comprised between 0 6 g 6 0:5þ D
and Lu 6 n 6 Lh þ Ld. The grid points were arranged
according to the Type-B as suggested by Patankar [64], with
control volume faces placed at the ﬂuid–solid interface
(g= 0.5) and at the discontinuities in the thermal boundary
conditions (n= 0 and n ¼ Lh).r/D
z/
D
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Figure 2 Representation of the grid distribution in the ﬂuid ﬂow
and in the pipe wall.The problem of interest was solved as if it were a ﬂuid ﬂow
problem throughout the entire calculation domain
(0 6 g < 0:5þ D). In the solid region, the viscosity was as-
sumed to be very large, resulting in zero velocities in this
region.
In order to ensure enhanced accuracy, grids were chosen to
be non-uniform both in the axial and radial directions (based
on a geometric series progression) to account to uneven varia-
tions of velocity and temperature at the wall-ﬂuid interfaces. In
the pipes wall, the grid is chosen to be uniform in the radial
direction.
A main control volume (DV= gP.Dg.Dn) in which the geo-
metric center is associated to the node P, has been established.
This control volume is delimited by the faces n, s, e and w cor-
responding to the common sides of the control volumes
belonging to the neighboring nodes N, S, E and W. The scalar
magnitudes (pressure and temperature) are calculated at the
node P, while the vector magnitudes(velocities) are calculated
at the points that lie on the faces of control volumes. It can
be shown that the axial velocity locations are staggered only
in the n-direction with respect to the main grid points. In other
words, the location for the axial velocity lies on the n-direction
link joining two adjacent main grid points. Similarly, the radial
velocity locations are staggered only in the g-direction.
4.2. Grid independency test
Various analysis were carried out in order to ensure that the
results are grid independent, for Re = 100, Gr = 5 · 105,
D= 0.05 and K= 50. This case has been selected because of
the importance of the two modes of convection and the extent
of the redistribution of the heat ﬂux. The grid independency
has been veriﬁed using four criteria: the proﬁle of dimension-
less axial velocity, u/V, the axial distributions of hw and hb,
the axial redistributions of the friction and of the normalized
parietal heat ﬂux Qwi. Velocity, U/V, the axial distributions
of hw and hb, the axial redistributions of the friction coefﬁcient-8 -4 0 4 8 12 16
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Figure 3 Effect of the grid distribution in the axial direction on
the interfacial heat ﬂux.
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124 M. Boumaza, A. Omararatio (f.Re)/(f.Re)0 and of the normalized parietal heat ﬂux
Qwi.
The axial distributions of both the friction coefﬁcient ratio
and the parietal normalized heat ﬂux proved to be more repre-
sentative. Figs. 2 and 3 present a comparison of the axial dis-
tribution of the interfacial heat ﬂux and the friction coefﬁcient,
at several instants of the transient period including the steady
state, for different grid arrangements in the axial direction,
namely: (A (30,16,30), B (60,30,60), C (90,60,90), D
(150,90,120), E (180,90,120)). In each case of A, B, C, D and
E, the ﬁrst values refer respectively to the upstream, heated
and downstream sections. For these grids arrangement, the
number of nodes in the radial direction is 30 and 10, respec-
tively in the ﬂuid and in the pipe wall. It appears that an in-
crease of the nodes improve the accuracy of interfacial heat
ﬂux and the friction coefﬁcient ratio, in particular, in the up-
stream section. It is also clear from these ﬁgures, that the grid
arrangement corresponding to the case D is sufﬁciently accu-
rate to describe the heat transfer in the duct. It may be ob-
served that Qwi presents large extreme values in the upstream
section.Figure 4 Effect of the grid distribution in the axial direction on
the friction coefﬁcient ratio.
5. Results and discussions
This section presents the results of the numerical simulations
of the transient conjugated mixed convection in a vertical tube.
A uniform heat ﬂux Q is applied on the central section. This
section is located between two adiabatic sections that enable
the study of the diffusion in the ﬂuid and in the pipe wall.
The ﬂuid ﬂow is laminar, transient and axi-symmetric. Besides,
the ﬂuid penetrates to the top of the tube (inlet) and falls down
toward the bottom (exit); therefore one is in the presence of the
opposed mixed convection ﬂow case.
Natural convection ﬂow, resulting from the variation of the
ﬂuid density inside the tube, is then superposed to the forced
convection ﬂow of Poiseuille type. So a decrease of the density
of the ﬂuid in the neighboring region of the heated pipe wall
provokes a deceleration of the ﬂuid. One even attends, for a
sufﬁciently elevated heat ﬂux (or elevated Gr), to the reversing
of the ﬂow close to the pipe wall and consequently to the appa-
rition of a recirculation cell. In some cases, the wall thermal
conduction generates an important redistribution of the ap-
plied heat ﬂux, that generates an elongation of this cell up-
stream of the heated section. The cell acts like an insulator
in the upstream section and the parietal ﬂux propagates itself
upstream of this cell before being transmitted to the ﬂuid.
The foregoing analysis indicates that the heat transfer char-
acteristics in the ﬂow depend on ﬁve dimensionless groups,
namely: the Prandtl number Pr, the Richardson number Gr/
Re2 (or Gr and Re), the ratio of wall-to-ﬂuid conductivity K,
dimensionless wall thickness D and the ratio of wall-to-ﬂuid
diffusivity A. One recovers the ﬁrst two parameters in all
mixed convection problems. The two other parameters are spe-
ciﬁc to the calculations of the steady or transient conjugated
heat transfer while, the last parameter is speciﬁc to the tran-
sient conjugated heat transfer problems. In the transient state
regime, a parametric study of all these individual parameters
would have required an enormous set of results and this was
not the main goal of this work. In order to present a reason-
able quantity of solutions and to concentrate on the under-
standing of the transient conjugate mixed convection heattransfer characteristics, all numerical runs were performed
for Pr = 5, which represents a ﬂuid whose properties are sim-
ilar to those of water. The Grashof number has been ﬁxed at
5 · 103 and 5 · 105. Two velocities of the ﬂow have been con-
sidered, resulting in two values of the Reynolds number 1 and
100, qualiﬁed of low and high Re, respectively. The corre-
sponding Gr/Re2 ratios are 5000 and 50.
Local Nusselt number as traditionally considered in the
presentation of the convection heat transfer results is not a
convenient tool for the conjugate problems (Azzizi et al.,
2012), since it contains three unknowns in its deﬁnition. How-
ever, local interfacial heat ﬂux gives more useful information.
The results, therefore, are presented, for thermal magnitudes
by local normalized interfacial heat ﬂux and, for some cases
the transient radial and axial distributions of temperatures,
while the dynamical magnitudes are represented by the friction
coefﬁcient ratio (f.Re)/(f.Re)0 and the vector velocities.
The numerical investigations were obtained for the vertical
cylindrical ducts with Pr ¼ 5;L2 ¼ L4 ¼ 10;L1 ¼ 50,
andL5 ¼ 40: The results are represented by, the normalized
interfacial heat ﬂux, bulk and wall temperatures for thermal
magnitudes and by, the friction coefﬁcient ratio (f.Re)/
(f.Re)0. The value of the intermediate adiabatic section L

3 is
varied providing the results for the development of the thermal
and dynamical magnitudes (See Fig. 4).
5.1. Effect of initial time step
The size of time increments is particularly important at the begin-
ning of the transient, and s is of the order ofmagnitude of the time
needed for the inside wall to respond to the sudden change of the
applied heat ﬂux at the outside surface of the heated section. A
comparison was made for several ﬁrst time steps for the case of
Pr = 5, Gr= 5 · 105, Re= 100, D= 0.05 and K= 50 in the
pipe ﬂow, at s= 0.1 is shown in Fig. 5.
It is clear that a time interval of 5 · 104 is sufﬁciently accu-
rate to describe the ﬂow and heat transfer. as conﬁrmed by
-5 0 5 10 15
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0.4
0.6
Gr=5.103 Re=1Δ=0.05  K=50
(3) and (4)
(2)
(1)
Q
w
i
ξ
(1) Δτ =5.10-2
(2) Δτ =5.10-3
(3) Δτ =5.10-4
(4) Δτ =5.10-5
Figure 5 Effect of time step Ds on the initial distribution of the
interfacial heat ﬂux at s= 0.1.
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Figure 6 Comparison of the present results with published
results (laplante and Bernier, 1997).
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Figure 7 Inﬂuence of the thermal diffusivities ratios A on the
axial distribution of the interfacial heat ﬂux at s= 4.
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published in the literature (laplante and Bernier, 1997), where
it can be seen that there is a close agreement between these re-
sults. Table 5.1 gives a comparison of the present results with
different results published in the literature (Wang et al., 1994)
for similar cases studies. It can be seen again, that there is an
acceptable agreement between these results and the results
published in the literature.5.2. Effect of thermal diffusivities ratio (A)
Fig. 7 shows the effect of the thermal diffusivity ratios, A on
the axial heat ﬂux distribution at the interface at s= 4. This
ﬁgure shows that the amount of heat transferred to the wall-
ﬂuid interface, in the heated section for A= 0.1 is 50% larger
than the corresponding one for A= 4. This suggests that the
quantity of energy transported by the recirculation cell in the
direction opposite to the main ﬂow is larger when A= 4,
resulting in a negative value
of the interfacial heat ﬂux Qwi in the vicinity of n= 0 for
A= 4, while for A= 0.3 and 0.1, the corresponding values
of Qwi are positive, indicating that the heat transfer ﬂows from
the pipe wall to the ﬂuid for a particular constant.
In the downstream section, the effects of the thermal diffu-
sivity ratios on the thermal response are also more pro-
nounced. For example, at s= 4 and s= 50, the heat
transfer ﬂows from the ﬂuid to the pipe wall over a large length
of the pipe for A= 01, while in the case of A= 4, Qwi de-
creases as illustrated by Fig. 8. This effect is due to the fact that
during the transient period, the quantity of heat conducted by
axial conduction at the pipe wall for A= 01 is small compared
with that evacuated by the recirculation cell toward this sec-
tion. This is due to the effects of the heat capacity of the pipe
wall.
It can also be observed that in the upstream section, the ther-
mal lag between the curves of Qwi corresponding to the three
values of A increases with elapsing time. As a consequence,
the heat ﬂux redistribution in the upstream section slows down
with a decrease of A, as shown in (Fig. 9) and, therefore, affects
the upstream widening of the recirculation cell. Further inspec-
tion of these ﬁgures enables to state that heat transfer between
the pipe wall and ﬂuid varies proportionally with time. This heat
transfer enables to maintain a thermal lag between the three dif-
ferent curves of Qwi until the steady state is reached, where as
expected, the three curves corresponding to three values of A
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Figure 8 Inﬂuence of the thermal diffusivities ratios A on the
axial distribution of the interfacial heat ﬂux at s= 50.
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Figure 9 Effect of the thermal diffusivities ratios A on the axial
distribution of the interfacial heat ﬂux at the steady state.
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Figure 10 Effect of A on the axial distribution of the friction
coefﬁcient ratio s= 0.5.
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Figure 11 Inﬂuence of the thermal diffusivities ratios A on the
axial distribution of the friction coefﬁcient ratio s= 4.
126 M. Boumaza, A. Omaraare superposed (Fig. 9). Hence, it can be concluded that the gov-
erning equations for the system at steady state is independent of
A.
5.3. Effect of the friction coefﬁcient ratios
Figs. 10 and 11 present the transient distribution of the friction
coefﬁcient, for the same three values of the thermal diffusivity
ratio at several times of the transient period. It can be seen,
that the friction coefﬁcient corresponding to A= 0.1 has thelowest negative values, while at the steady state, the curves cor-
responding to the three ratios of A, are superposed.
5.4. Effect of the Grashof number Gr
The effect of the Grashof number (Gr) on the transient axial
distribution of the normalized heat ﬂuxQwi is shown in Figs. 12
and 13 for a transient period, s= 25 and for the steady state.
With elapsing time, the effect of buoyancy increases with an
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Figure 12 Inﬂuence of Gr on the axial distribution of the
interfacial heat ﬂux at s= 25.
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Figure 13 Inﬂuence of Gr on the axial distribution of the
interfacial heat ﬂux in the steady state.
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Figure 14 Inﬂuence of K (K= 10, 50 and 100) on the axial
distribution of Qwi at s= 0.5.
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Figure 15 Inﬂuence of K (K= 10, 50 and 100) on the axial
distribution of Qwi at s= 2.
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be observed that the redistribution of the applied heat ﬂux is
more localized far from the inlet of the heated section when
Gr increases. This process proceeds until the steady state re-
gime is reached, where it can be observed that Qwi which cor-
responds to the maximum value in the upstream section for
Gr = 1000 is the lowest value in the heated section. This is
due to the recirculation cell that is still conﬁned in the heated
section.
5.5. Effect of wall-to-ﬂuid conductivity ratio
The axial distribution of the normalized interfacial heat ﬂux
for different values of K, and for transient periods is shownin Figs. 14 and 15. These ﬁgures enable to show that for the
three transient periods, higher values of the normalized inter-
facial heat ﬂux are observed in the heated section for lower val-
ues of K, since lower values of K [K= A(qcp)w/(qcp)f] with a
constant A, decrease the thermal capacity of the wall (qcp)w.
This in turn causes a larger thermal lag in the system as illus-
trated by a comparison of the three curves corresponding to
the three values of K.
Furthermore, at the early transient period (s 6 0.5), the
magnitude of the normalized interfacial heat ﬂux Qwi increases
rapidly in the heated section, while in the upstream and down-
stream sections it increases symmetrically with the increase of
K (Fig. 10). This behavior is due to the fact that the heat trans-
fer in the pipe wall is essentially dominated by conduction at
lower values of s As, s increases, Qwi decreases in the heated
section, which is more substantial for high values of K, as
128 M. Boumaza, A. Omaracan be shown in Fig. 4. 24, which represents the transient evo-
lution of Qwi, from s= 0 to 8 in the medium of the heated sec-
tion (n= 5).
It is also shown in Fig. 15 that the normalized interfacial
heat ﬂux Qwi presents a local minimum and maximum in the
vicinity of the inlet of the heated section, before decreasing
rapidly toward zero. At this time, the minimum value of Qwi,
corresponding to K= 10, is more pronounced, compared to
the corresponding one for K= 50 and 100. Thus, for
K= 10, Qwi presents a negative value (minimum) indicating
that the heat transfer ﬂows from the ﬂuid to the pipe wall be-
fore being diffused by axial wall conduction, resulting in a po-
sitive value of Qwi (maximum), while for K= 50 and 100, Qwi
remains positive.
In fact, at the early transient period, the recirculation cell is
conﬁned in the heated section, and its intensity is very low.
This effect results in a difference of temperature between
the ﬂuid located close to the wall and that in the core region,
more important for lower K, than for higher K. With elapsing
time, it may be observed, in the upstream section that the local
minimums and maximums of Qwi, shown previously for each
value of K, are more
pronounced, resulting in negative value of Qwi, for K= 50,
while for K= 100 it remains positive.
6. Conclusions
In the present work, a numerical study has been performed to
investigate the unsteady downward laminar mixed convection
in circular pipe submitted on its central zone to a uniform and
constant heat ﬂux, taking into consideration wall conduction
and wall heat capacity.
The various parameters investigated were the Reynolds and
Grashof numbers, the thermal conductivity and diffusivity ra-
tios, respectively K and A, between the pipe wall and the ﬂuid
and the dimensionless wall thickness D The present results
have enabled to conclude that:
- The existence of the reversed ﬂow is limited, during the
early transient, in the heated section, while, with elapsing
time, such a recirculation zone also becomes more impor-
tant and is spreading upstream.
- This recirculation cell spreads rapidly towards the upstream
section for (Gr, Re) = (5 · 103, 1) while for (Gr, Re) =
(5 · 105, 100) it remains conﬁned longer in the heated sec-
tion, resulting in a more pronounced minima and maxima
of Qwi in the inlet of the heated section.
- The presence of the reversed ﬂow region has drastically per-
turbed the internal ﬂow as well as the thermal ﬁeld, result-
ing in negative values of the friction coefﬁcient and a
signiﬁcant portion of the applied heat ﬂux in the upstream
section where no energy is directly applied.
Results have also shown the redistribution of applied heat
ﬂux in the upstream section and consequently the upstream
widening of the cell slows down with the decrease of A. The
time required to reach the steady state varies inversely with
K. Finally, the upstream redistribution of the applied heat ﬂux
is more localized far from the inlet of the heated section as the
Grashof number increases.It is recommended to generalize the present study for turbu-
lent ﬂows, as well as to concentric annuli pipes which are
encountered in several applications.
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